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Abstract. We show that whenever a Hamiltonian difTcomorphism or a Reeb 
flow has a finite number of periodic orbits, the mean indices of these orbits 
must satisfy a resonance relation, provided that the ambient manifold meets 
some natural requirements. In the case of Reeb flows, this leads to simple 
expressions (purely in terms of the mean indices) for the mean Euler charac- 
teristics. These are invariants of the underlying contact structure which are 
capable of distinguishing some contact structures that are homotopic but not 
diffcomorphic. 
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1. Introduction and main results 

1.1. Introduction. In this paper, we establish new restrictions on Hamiltonian 
diffeomorphisms and Reeb flows which have only finitely many periodic orbits. 
While these dynamical systems are rare, there are many natural examples, such 
as irrational rotations of the two-dimensional sphere and Reeb flows on irrational 
ellipsoids. Moreover, these systems serve as important counterpoints to cases where 
one can prove the existence of infinitely many periodic orbits, see for example 
[Ek, EH, FH, Hi, Gi, GG2, GG3, SZ, Vi]. Our main theorems establish resonance 
relations for the mean indices of the periodic orbits of these systems when the 
ambient manifolds meet some additional requirements. 
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For a Hamiltonian diffcomorphism ip, the additional requirement on the ambient 
symplectic manifold is that N > n + 1, where N is the minimal Chern number 
and n is half the dimension. A resonance relation in this case is simply a linear 
relation, with integer coefficients, between the mean indices A^, viewed as elements 
of M./2NZ. The existence of these relations can be established essentially by car- 
rying out an argument from [SZ] modulo 2N, cf. [BCE]. The specific form of the 
resonance relations established depends on if, although conjecturally the relation 
^ Ai = mod 2N is always satisfied. 

For Reeb flows, we show that certain sums of the reciprocal mean indices are 
equal to the (positive/negative) mean Euler characteristic, an invariant of the con- 
tact structure defined via cylindrical contact homology, when it itself is defined. 
(This relation generalizes the one discovered by Ekeland and Hofer [Ek, EH] and 
Viterbo [Vi] for convex and star-shaped hypersurfaces in M^" , which served as the 
main motivation for the present work.) One can view these resonance relations as 
new expressions for the mean Euler characteristics written purely in the terms of 
the mean indices. As is shown below in Example 1.9, these invariants can be used 
to distinguish some contact structures which are homotopic but not diffeomorphic, 
such as those distinguished by Ustilovsky in [U] using cylindrical contact homology. 

One forthcoming application of our results is the C°°-generic existence of in- 
finitely many periodic orbits for Hamiltonian diffeomorphisms or Reeb fiows es- 
tablished imder the same hypotheses as the resonance relations; see [GG4]. For 
the Reeb flows, these results generalize the C°°-generic existence of infinitely many 
closed characteristics on convex hypersurfaces in R^" (see [Ek]) and the C°°-generic 
existence of infinitely many closed geodesies (see [Ral, Ra2]). 



1.2. Resonances for Hamiltonian diffeomorphisms. Let (Af^", w) be a closed 
symplectic manifold, which throughout this paper is assumed to be weakly mono- 
tone; see, e.g., [HS] or [MS2] for the definition. Denote by N the minimal Chern 
number of (M, oj), i.e., N is the positive generator of the subgroup (ci (TM), 712 (M)) 
of Z. (When ci{TM) |7r2(A/)= 0; set N = 00.) Recall that {M,lu) is said to be 
rational if the group {uj,tt2{M)) C M is discrete. 

A Hamiltonian H : M/Z x M ^ M. which is one-periodic in time, determines a 
vector field Xh on M via Hamilton's equation ixh^ — ~dH. Let ip = Lpu be the 
Hamiltonian diffcomorphism of M given by the time-1 flow of Xh- Recall that 
there is a one-to-one correspondence between fc-periodic points of and A:-periodic 
orbits of H . In this paper, we restrict our attention exclusively to periodic points 
of (/J such that the corresponding periodic orbits of H are contractible. (One can 
show that contractibility of the orbit f*{x) of H through a periodic point x G M is 
completely determined by x and ip and is independent of the choice of generating 
Hamiltonian H.) To such a periodic point x, we associate the mean index A(a;), 
which is viewed here as a point in M/2iVZ, and hence is independent of the choice 
of capping of the orbit. The mean index measures the sum of rotations of the 
eigenvalues on the unit circle of the linearized flow d(/?|f along x. The reader is 
referred to [SZ] for the definition of the mean index A; see also, e.g., [GGl] for a 
detailed discussion. We only mention here that 



|A(a;) - ijLc7.{x)\ < n, 
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where flczix) is the Conley-Zehnder index of x, viewed as a point in R/2A^Z and 
given a nonstandard normahzation such that for a critical point a; of a C^-small 
Morse function one has ficzix) = AiMor3e(a;) — n mod 2N. 

A Hamihonian diffeomorphism ip is said to be perfect if it has finitely many 
(contractible) periodic points, and every periodic point of (/S is a fixed point. Let 
Ai, . . . , A„i be the collection of the mean indices of the fixed points of a perfect 
Hamiltonian diffeomorphism ip with exactly m fixed points. A resonance or reso- 
nance relation is a vector a ~ (oi, . . . , am) £ Z"' such that 



It is clear that resonances form a free abelian group TZ — TZ{(p) C Z™. 

Theorem 1.1. Assume that n + 1 < N < oo. 

(i) Then TZ ^ Q, i.e., the mean indices A,; satisfy at least one non-trivial 
resonance relation. 

ill) Assume in addition that there is only one resonance, i.e., vkTZ ~ \, and let 
a = (fli, . . . , a„i) he a generator of TZ with at least one positive component. 
Then all components of a are non-negative, i.e., Oi > for all i, and 



(iii) Furthermore, assume that (M,lu) is rational. Then assertion (i) holds when 
only irrational mean indices are considered (i.e., the irrational mean indices 
satisfy a non-trivial resonance relation) and assertion (ii) holds when only 
non-zero mean indices are considered. 

We require (Af , uj) to be weakly monotone here only for the sake of simplic- 
ity: this condition can be eliminated by utilizing the machinery of virtual cycles. 
Likewise, the hypothesis that (A/, lo) is rational in (iii) is purely technical and prob- 
ably unnecessary. However, the proof of (iii) relies on a result from [GG3] which 
has so far been established only for rational manifolds although one can expect it 
to hold without this requirement; see [GG3, Remark 1.19]. When = c», i.e., 
ci{TM) \tt^{m) = 0- perfect Hamiltonian diffeomorphisms probably do not exist and 
the assertion of the theorem is void. For instance, if (A/, lu) is rational and A^ = oo, 
every Hamiltonian diffeomorphism has infinitely many periodic points; see [GG3]. 

We note that every A^ G Q (e.g., A^ = 0) automatically gives rise to an infinite 
cyclic subgroup of resonances. Thus, assertion (iii) is much more precise than (i) 
or (ii) in the presence of rational or zero mean indices. 

Finally we observe that the condition that tp is perfect can be relaxed and re- 
placed by the assumption that ip has finitely many periodic points. Indeed, in this 
case, suitable iterations ip'^ are perfect. Applying Theorem 1.1 to such a (p'', we 
then obtain resonance relations involving (appropriately normalized) mean indices 
of all periodic points of ip. 

Example 1.2. Let ip be the Hamiltonian diffeomorphism of CP" generated by a 
quadratic Hamiltonian H{z) = 7r(Ao|^oP + . . . + A„|2;„|^), where the coefficients 
Ao, . . . , An are all distinct. (Here, we have identified CP" with the quotient of the 
unit sphere in C"+^. Recall also that A'^ = n -I- 1 for CP".) Then, the Hamiltonian 
diffeomorphism ip — ipH is perfect and has exactly n+1 fixed points (the coordinate 



aiAi + . . . + a,„A. 



mod 2A^. 
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axes). The mean indices are 

^4 =J2^i ^ (n+ 1)A^, 

j 

where now i = 0, . . . , n. Thus, ^ = and this is the only resonance relation for a 
generic choice of the coefficients: the image of the map (Aq, . . . , A„) i-^ (Aq, . . . , A„) 
is the hyperplane ^ A; = 0. 

More generally, we have 

Example 1.3. Suppose that (M, to) is equipped with a Hamiltonian torus action with 
isolated fixed points; see, e.g., [GGK, MSI] for the definition and further details. A 
generic element of the torus gives rise to a perfect Hamiltonian diffeomorphism ip 
of (M, Lu) whose fixed points are exactly the fixed points of the torus action. One 
can show that in this case the mean indices again satisfy the resonance relation 
^ Ai = 0. (The authors are grateful to Yael Karshon for a proof of this fact; [Ka].) 

Examples of symplectic manifolds which admit such torus actions include the 
majority of coadjoint orbits of compact Lie groups. One can also construct new 
examples from a given one by equivariantly blowing-up the symplectic manifold at 
its fixed points. The resulting symplectic manifold always inherits a Hamiltonian 
torus action and, in many instances, this action also has isolated fixed points. 

These examples suggest that, in the setting of Theorem 1.1, the mean indices 
always satisfy the resonance relation ^ A^ =0. The next result can be viewed as 
preliminary step towards proving this conjecture. 

Corollary 1.4. Let ip be a perfect Hamiltonian diffeomorphism o/ CP" such that 
there is only one resonance, i.e., vkTZ = 1. Denote by a a generator of TZ as 
described in statement (ii) of Theorem 1.1, and assume that ^ for all i. Then 
Lp has exactly n + 1 fixed points and a = (1, . . . , 1), i.e., the mean indices satisfy the 
resonance relation ^ A; = 0. 

Proof. By the Arnold conjecture for CP", we have m > n + 1, see [Fo, FW] and 
also [Fl, Sc]. By (ii), Oi ^ means that > 1. Hence, by (ii) again, m = n + 1 
and Oi = 1 for all i since = n + 1 and J^'^i — N/{N — n) = n + 1. □ 

Conjecturally, any Hamiltonian diffeomorphism of CP" with more than n + 1 
fixed points has infinitely many periodic points. (For n = 1 this fact is established 
in [FH].) Corollary 1.4 implies that that this is indeed the case, provided that 
the mean indices satisfy exactly one resonance relation (i.e., rkTZ = 1) and all 
components of the resonance relation are non-zero. (We emphasize that by Theorem 
1.1, rkTZ > 1.) 

Remark 1.5. The resonances considered here are not the only numerical constraints 
on the fixed points of a perfect Hamiltonian diffeomorphism ip: M ^ M. Relations 
of a different type, involving both the mean indices and action values, are estab- 
lished in [GG3] when (M, uj) is either monotone or negative monotone. For instance, 
it is proved there that the so-called augmented action takes the same value on all 
periodic points of (p: CP" CP" whenever ip has exactly n + 1 periodic points. 

Note also that a perfect Hamiltonian diffeomorphism need not be associated with 
a Hamiltonian torus action as are the Hamiltonian diffeomorphisms in Examples 
1.2 and 1.3. For instance, there exists a Hamiltonian perturbation ip of an irrational 
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rotation of S'^ with exactly three ergodic invariant measures: the Lebesgue measure 
and the two measures corresponding to the fixed points of tp; [AK, FK]. Clearly, (p 
is perfect and not conjugate to a rotation. 

Remark 1.6. As is immediately clear from the proof, one can replace in Theorem 
1.1 the collection Ai, . . . , of the mean indices of the fixed points of ip by the set 
of all distinct mean indices. This is a refinement of the theorem, for an equality of 
two mean indices is trivially a resonance relation. Note also that, as a consequence 
of this refinement, all mean indices arc distinct whenever ikTZ ~ 1. 

1.3. Resonances for Reeb flows. Let (VF^""^,^) be a closed contact manifold 
such that the cylindrical contact homology HCh.(W^, a) is defined. More specifically, 
we require {W, ^) to admit a contact form a such that 
(CFl) all periodic orbits of the Reeb flow of a are non-degenerate, and 
(CF2) the Reeb flow of a has no contractible periodic orbits x with |a;| = ±1 or 0. 

Here, |x'| ~ fJ-cz{x) + n — 3, where ficzi^) stands for the Conley-Zehnder index 
of X (with its standard normalization). For the sake of simplicity, we also assume 
that Ci(^) = 0. Then HC»(M^, ^) is the homology of a complex GC^{W,a) which 
is generated (over a fixed ground field, say, Z2) by certain periodic orbits of the 
Reeb flow, and is graded via | • |. To be more precise, the generators of CCt{W, a) 
are all iterations of good Reeb orbits and odd iterations of bad Reeb orbits (See 
the definitions below.) The homology HC*(M^, ^) is independent of a as long as 
a meets requirements (CFl) and (CF2). The exact nature of the differential on 
CC*(VF, a) is inessential for our considerations. We refer the reader to, for instance, 
[Bo, BO, El] and the references therein for a more detailed discussion of contact 
homology. 

Furthermore, assume that 

(CH) there are two integers 1+ and 1-, such that the space HCi{W,(,) is finite- 
dimensional for I > and I <l^. 

In the examples considered here, the contact homology is finite dimensional in all 
degrees and this condition is automatically met. By analogy with the constructions 
from [EH, Vi], we set 

1 ^ 

X±(M^,0= lim -^(-l)'dimHC±KW^,e), (1-1) 

l=l± 

provided that the limits exist. Clearly, when HC/(VF, ^) is finite-dimensional for all 
we have 

xHW.O^X-iW,0 ^ 1 j. (_,),,,^HQ(H^,e). 

We call x^(H^, ^) the positive/negative mean Euler characteristic of ^. Likewise, we 
call the mean Euler characteristic of ^. (This invariant is also considered 
in [VK, Section 11.1.3].) 

In what follows, we denote by x^ the fcth iteration of a periodic orbit x of the 
Reeb flow of a on W . Recall that a simple periodic orbit x is called had if the 
linearized Poincarc return map along x has an odd number of real eigenvalues 
strictly smaller than —1. Otherwise, the orbit is said to be good. (This terminology 
differs slightly from the standard usage, cf. [Bo, BO].) When the orbit x is good. 
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the parity of the Conley-Zehndcr mdices ficzix'^) is independent of fc; if x is bad, 
then the parity of ^C7.{x^) depends on the parity of k. 

To proceed, we now assume that 
(CF3) the Reeb flow of a has finitely many simple periodic orbits. 
In contrast with (CFl) and (CH) and even (CF2), this is a very strong restriction 
on a. Denote the good simple periodic orbits of the Reeb flow by Xi and the 
bad simple periodic orbits by yi. Then, CC*(VF, a) is generated by the a;^", for 
all fc, together with the for k odd. Whenever (CF3) holds, condition (CH) is 
automatically satisfied with Z_ = —2 and 1+ = 2n — A . Moreover, in this case the 
spaces CCi{W,a) arc finite-dimensional. (This fact can, for instance, be extracted 
from the proof of Theorem 1.7; see (3.1) and (3.2).) Likewise, all spaces CC;(W^, a) 
(and hence MGi{W,£)) are finite-dimensional, provided that all of the orbits Xi 
and yi have non-zero mean indices. We denote the mean index of an orbit x by 
A(a;) and set a{x) = (-1)1^1 = -(-1)"(-1)''°2(^). In other words, a{x) is, up to 
the factor —(—1)", the topological index of the orbit x or, more precisely, of the 
Poincare return map of x. 

Theorem 1.7. Assume that a satisfies conditions (CF1)-(CF3). Then the limits 
in (1.1) exist and 



where ^ (respectively, ^ ) stands for the sum over all orbits with positive (re- 
spectively, negative) mean index. 

This theorem will be proved in Section 3. Here we only mention that the specific 
nature of the differential on the complex CC*(VF, plays no role in the argument. 
Also note that a similar result holds when the homotopy classes of orbits are re- 
stricted to any set of free homotopy classes closed under iterations, provided that 
(CF1)-(CF3) hold for such orbits. For instance, (1.2) holds when only contractible 
periodic orbits are taken into account in the calculation of the left-hand side and 
the definition of x^. Also it is worth pointing out that for non-contractible orbits 
the definitions of the Conley-Zehnder and mean indices involve some additional 
choices (see, e.g., [Bo]) which effect both the right- and the left-hand side of (1.2). 

Example 1.8. Let be the standard contact structure on 5^""^. Then, as is easy 
to see, X~('5'^"~"^i Co) = and ^ io) = 1/2. In this case, the resonance 

relations (1.2) were proved in [Vi]. (The case of a convex hypersurface in M^" was 
originally considered in [Ek, EH].) 

By definition (1.1), the mean Euler characteristics C) ^re invariants of the 

contact structure ^. (Strictly speaking this is true only when (W,^) is equipped 
with some extra data or W is simply connected.) Theorem 1.7 implies that, when- 
ever there is a contact form a for ^ which satisfies conditions (CF1)~(CF3), these 
invariants can, in principle, be calculated by purely elementary means (without first 
calculating the contact homology) via the mean indices of closed Reeb orbits. The 
following example shows that the mean Euler characteristics can distinguish some 
non-diffeomorphic contact structures within the same homotopy class. 

Example 1.9. In [U], Ustilovsky considers a family of contact structures on 5*^""^ 
for odd n and positive p = ±1 mod 8. For a fixed n, the contact structures fall 




(1.2) 
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within a finite number of homotopy classes, including the class of the standard 
structure ^q. By computing HC*(5^"^^, ^p), Ustilovsky proves that the structures 
are mutually non-diffeomorphic, and that none of them are diffeomorphic to ^o- 
It follows from [U] , that can be given by a contact form ap satisfying conditions 
(CF1)-(CF3). Furthermore, it is not hard to show (sec below or [VK]) that 



and X ('5'^" Cp) = 0- The right-hand side of (1.3) is a strictly increasing function 
of p > 0. Hence, the positive mean Euler characteristic distinguishes the structures 
^p with p > 0. Note also that x"^(Cp) > ^o) = 1/2 when p > 1 and 

X~^i£,i) = 1/2. In particular, distinguishes with p > 1 from the standard 
structure ^o- 

Formula (1.3) can be established in two ways, both relying on [U]. The first way 
is to use the contact form Up constructed in [U] . The indices of periodic orbits of 
Up are determined in [U] and the mean indices can be found in a similar fashion or 
obtained using the asymptotic formula A(a;) = limk-,oa f^cz{x'')/k; see [SZ]. Then 
(1.2) is applied to calculate x~''(5'^"~^, Cp)- (Note that this calculation becomes even 
simpler when the Morse-Bott version of (1.2) is used, reducing the left-hand side of 
(1.2) to just one term for a suitable choice of contact form, see [Es].) Alternatively 
one can use the definition (1.1) of x~^ a-nd the calculation of dimHC*(S'^"~^, ^p) 
from [U]; see [VK, Section 11.1.3]. 

Remark 1.10. A different version of contact homology, the linearized contact ho- 
mology, is defined when (VF, C) is equipped with a symplectic filling (M, w). The 
chain group for this homology is still described via the closed orbits of a Reeb flow 
for ^. In particular, it is still generated by all iterations of good orbits and the odd 
iterations of bad ones. The differential is defined via the augmentation, associated 
with (M, w), on the full contact homology differential algebra; see, e.g., [BO, El]. 
Thus, the linearized contact homology, in general, depends on (M, w). 

A key point in this construction is that one does not need to assume condition 
(CF2) in order to define the linearized contact homology. (When (CF2) is satisfied, 
the linearized contact homology coincides with the cylindrical contact homology.) 
Hence, for fillable contact manifolds, Theorem 1.7 holds without this assumption. 
This follows immediately from the fact that our proof of the theorem makes no 
use of the specific nature of the differential. One still requires the contact form 
a to satisfy (CFl) and (CF3), and the filling {M,uj) is assumed to be such that 
(w,7r2(A/)) = and ci{TM) = 0. 

Remark 1.11. An argument similar to the proof of Theorem 1.7 also establishes the 
following "asymptotic Morse inequalities" 



provided that a satisfies (CF1)-(CF3) or in the setting of Remark 1.10. A similar 
inequality (as well as some other relations between mean indices and actions) is 
proved in [EH] for convex hypersurfaces in M^" . 

Remark 1.12. Finally note that the quite restrictive requirement that the Reeb flow 
is non-degenerate and has flnitely many periodic orbits can be relaxed in a variety 




(1.3) 
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of ways. For instance, the Morse-Bott version of Theorem 1.7 is proved in [Es], 
generalizing the resonance relations for geodesic flows established in [Ral]. 

1.4. Acknowledgments. The authors are grateful to Yasha Eliashberg, Jacqui 
Espina, Ba§ak GiireL Yael Karshon. and Anatole Katok for useful discussions. The 
authors also wish to thank the referee for her/his comments and remarks. 

2. Resonances in the Hamiltonian case 

2.1. Resonances and subgroups of the torus. Consider a closed subgroup F of 
T"* = R^/Z™ which is topologically generated by an element A = (Ai, . . . , A^) € 
T™. In other words, F is the closure of the set {kA \ k G N}, which we will call 
the orbit of A. Note that F is a Lie group since it is a closed subgroup of a Lie 
group. (We refer the reader to, e.g., [DK, Ki] for the results on Lie groups and 
duality used in this section.) Moreover, the connected component of the identity 
Fq in F is a torus, for Fq is compact, connected and abelian. Denote by TZ the 
group of characters T™ — > which vanish on F or equivalently on A. Thus, TZ is 
a subgroup of the dual group Z™ of T"'. We can think of TZ as the set of linear 
equations determining F. In other words, a belongs to TZ if and only if 

ai Ai + . . . + am A„i = mod 1. 

We will refer to TZ as the group of resonances associated to F. Clearly, F is com- 
pletely determined by TZ. When the role of A or F needs to be emphasized, we will 
use the notation F(A) and TZ{T) or TZ{A), etc. Furthermore, we denote by TZq D TZ 
the group of resonances associated to Fg. 

We will need the following properties of F and TZ: 

• codimF = rkTZ; 

• F c F' iff 7^(F) D 7^(F'); 

• F/Fq and TZq/TZ are finite cyclic groups dual to each other. 

Here the second assertion is obvious. To prove the first and the last ones, first note 
that F/Fq is finite and cyclic since F is compact and has a dense cyclic subgroup. 
Further note that TZ can be identified with the dual group of T^/F and that the 
first assertion is clear when F = Fq, i.e., F is a torus. Dualizing the exact sequence 
F/Fo T™/Fo ^ T"VF ^ we obtain the exact sequence ^ TZ 
TZq — *■ TZq/TZ (see, e.g., [Ki, Chapter 12]) and the last assertion follows. (The 
dual of a finite cyclic group, say Z^, is isomorphic to Z^.) It also follows that 
rhTZ = rkT^o = codimFp = codimF. 

2.2. Proof of Theorem 1.1. Let A = (Ai, . . . , A^) where the components A^ G 
R/2A^Z are the mean indices of the m periodic points of the perfect Hamiltonian 
diffeomorphism ip. Set A = A/2N. Then, A belongs to T™ and we have TZ{lp) = 
TZ{A). RecaUing that n < iV, we define H to be the cube (n/iV, 1)™ in T™. In 
other words, H consists of points 6 = {9i, ... ,6m) S T™ such that 9i is in the arc 
{n/N, 1) for all i. We will refer to H as the prohibited region of T™. 

2.2.1. Proof of (i). By a standard argument, for every fc g N at least one component 
of fcA is in the arc [0,n/N]. (See [SZ] or, e.g., [GG.3]; we will also briefly recall 
the argument in the proof of (iii) below.) In other words, none of the points of the 
orbit {fcA I A: G N} lies in the prohibited region H. Since H is open, we conclude 
that F n n = 0. Hence, codimF > and TZ^O. 
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2.2.2. Proof of (ii). Here we assume that iklZ = 1. Let a be a generator of TZ. 
Then, F is given by the equation 



where 6 ~ (6*1, ... , 6m) G T'". Note that 11 can also be viewed as the product of 
the arcs (—1 + n/N,0) in T™. Thus the intersection of 11 with a neighborhood 
of (0, . . . , 0) € T™ fiUs in the (open) portion of the negative quadrant in that 
neighborhood. Since F H 11 = 0, all non-zero components Ui must have the same 
sign. Hence, if a has at least one positive component we have > 0. 

Let L = {(t, . . . ,t) \ t G S^} he the "diagonal" one-parameter subgroup of T'". 
The point of L with t = — 1/ lies in F. Hence, this point must be outside H 
and so |t| > 1 - n/N. It follows that X^^i < N/{N - n). 

2.2.3. Proof of (Hi). The proofs of (i) and (ii) above are based on the observation 
that for every k, there exists a capped fc-periodic orbit y such that the local Floer 
homology of ip'^ at y is non-zero in degree n: HF„((^'^, y) ^ 0. Then A(y) S [0, 2n]. 
(See [Gi, GG2, GG3] for the proofs of these facts; however, the argument essentially 
goes back to [SZ]. Note also that here we use the grading of the Floor homology 
by /icz, i-e., the fundamental class has degree n.) The orbit y is the fcth iteration 
of some orbit Xi, and hence A(y) = fcA^ in M/2A^Z. We claim that necessarily 
Ai ^ 0, provided that M is rational and, as before, > n -I- 1. As a consequence, 
the orbits with A^ = can be discarded in the proofs of (i) and (ii). 

To show that A^ ^ 0, we argue by contradiction. Assume the contrary: A^ = 0. 
Then A(2/) = mod 2A^ and, in fact, A(y) = 0, since we also have G [0, 2n] 
and > n -f 1. The condition that A(y) = and HF„((p*'',y) 7^ is equivalent 
to that y is a symplectically degenerate maximum of if>^\ [GG2, GG3]. By [GG3, 
Theorem 1.18], a Hamiltonian diffeomorphism with symplectically degenerate max- 
imum necessarily has infinitely many periodic points whenever M is rational. This 
contradicts the assumption that ip is perfect. 

Thus, we have proved that (i) and (ii) hold with only non-zero mean indices (in 
M/2A^Z) taken into account. To finish the proof of (iii), it suffices to note that 
replacing iphj Lp^ ^ for a suitably chosen fc, we can make every rational mean index 
zero. Since every resonance relation for ip^ is also a resonance relation for we 
conclude that the irrational mean indices of p satisfy a resonance relation. 

Remark 2.1. The requirement that M be rational enters the proof of (iii) only at 
the last point where [GG3, Theorem 1.18] is utilized. The role of this requirement in 
the proof of this theorem is purely technical and it is likely that the requirement can 
be eliminated. Note also that we do not assert that (ii) holds when only irrational 
mean indices are considered. However, an examination of the above argument shows 
that the following is true. Assume that the resonance group for the irrational mean 
indices has rank one for a perfect Hamiltonian diffeomorphism p>. Then these mean 
indices satisfy a non-trivial resonance relation of the form r6, where r is a natural 
number, bi > for all i, and — N/{N — n). 

2.3. Perfect Hamiltonian flows on CP". In this section, we state (without 
proof) another result asserting, roughly speaking, that ^ A^ = for perfect flows 
on CP" satisfying some additional, apparently generic, requirements. 

Consider an autonomous, Morse Hamiltonian H on CP" with exactly n + 1 
critical points xq, . . . , Xn- Let us call t £ R, r > 0, a critical period if at least one 
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of the critical points of H is degenerate when viewed as a r-periodic orbit of H 
or equivalently as a fixed point of We denote the collection of critical times 
by Ch C M and call t £ (0, oo) \ Ch regular. Assume furthermore that for every 
regular t > the points , . . . , a;„ arc the only fixed points of </7^ and that for 
every critical time r > at least one of the points Xi is non-dcgencratc as a fixed 
point of 93^. Then ^ A(xi, t) = for any regular t > 0, where /S.{xi, t) is the mean 
index of ip\j at Xi equipped with trivial capping. 

In particular, ^ = in the setting of Theorem 1.1 with = <^^. (To ensure 
that If satisfies the hypotheses of the theorem it suffices to require that kt ^ Ch for 
all k G N.) A quadratic Hamiltonian on CP" with n>2 from Example 1.2 meets 
the above conditions for generic eigenvalues or, more precisely, if and only if H 
generates a Hamiltonian action of a torus of dimension greater than one. 

The proof of this result, to be detailed elsewhere, goes beyond the scope of 
the present paper. The argument is conceptually similar to the proof of [GG3, 
Theorem 1.12] but is technically more involved, for it relies on a more delicate 
version of Ljusternik-Schnirelman theory than the one considered in that paper. 



3. ReEB FLOWS: THE PROOF OF THEOREM 1.7 

Our goal in this section is to prove Theorem 1.7. We focus on establishing the 
result for X~''(H^, 0- The case of X~0^tC) can be handled in a similar fashion. 
First recall that for every periodic orbit x of the Reeb flow, we have 

Mcz(cc'=) - fcA(a;)| < n- 1 (3.1) 

(see, e.g., [SZ]), and hence 

-2 < -fcA(x) < 2n-4. (3.2) 

In particular, it follows from (3.2) that condition (CF3) implies condition (CH) 
with Z+ = 2n — 4 and L = —2. Moreover, the dimension of CCi{W, a) with / > 
or ^ < Z_ is bounded from above by a constant independent of I. 

To simplify the notation, let us set C; := CCi{W,a). Denote by ci^' the 
complex C* truncated from below at 1+ and from above at > l+. In other words, 

fj{N) ^\Ci whenl+<l<N, 
' 1 otherwise. 

The complex C*^-* is generated by the iterations xf and (with odd k) such that 
\x^ \ and \yf\ are in the range A^]. Note that by (3.2) this can only happen when 
A{xi) > and A{yi) > 0. By (3.2) again, an orbit x^ or with positive mean index 
A is in d^'' for k ranging from some constant (depending on the orbit, but not on 
A^) to roughly N/A, up to a constant independent of A^. Furthermore, the parity 
of \xf \ and \yf \ (odd k) is independent of k, i.e., cr(a;^) = a{xi) and cr{yf) = cr{yi). 
Thus, the contribution of the iterations of Xi to the Euler characteristic 

N 

X(CW) :=^(-l)'dimC(^' = ^(-l)'dimG 

is (j{xi)N/ A{xi) + 0(1) as A^ — > cxo. Likewise, the contribution of the iterations of 
yi is a{yi)N/2A{yi) + 0(1), since k assumes only odd values in this case. Summing 
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up over all Xi and jji with positive mean index, we have 
and hence 

iv^oo N ^ A{x,)^2^ A(y,)- 

To finish the proof it remains to show that 

X+(W^,e)= lim x(^^i'^V^' (3-3) 

which is nearly obvious. Indeed, by the very definition of C*^^ , we have Hi (C*^^) ~ 

RCiiW,^) when 1+ <l< N. Furthermore, \HN{ci^^) -HCjv(W^,OI = since 
dim Cat = 0(1). Hence, 

N 

X(d'^') =5](-l)'dimi/i(d^^) = ^(-l)'dimHQ(W-, + 0(1) 

I 1=1+ 

and (3.3) follows. This completes the proof of the theorem. 
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